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Abstract

This paper compares the KH and KJ sign images
i the context of the zero-thresholding at single and
multiple scales. It points out that consistent zero-
thresholding of curvatures remains necessary for
multiple scale surface segmentation. FEven though
KJ sign image is a good choice for single scale sur-
face segmentation with a zero-thresholding formula
€5 = €g, the KH sign image is a better choice
for multiple scale surface segmentation, whose zero-
thresholding formula e > 2|H ey + €3 maintains
effectiveness for both KH and KJ sign images.
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1 Introduction

Surface segmentation is an important stage in
early vision processing. It can produce symbolic de-
scriptions of surfaces for later processing, such as
surface reconstruction or recognition.

Apparently, descriptions of segmented surfaces
depend on the given shape category, which is deter-
mined by some geometrical properties of surfaces.
They also depend on the spatial scales at which
segmentation is implemented since the significance
of surface shapes, like other surface features, may
change at different scales. Surface segmentation at
multiple scales is therefore necessary.

As the stringent properties of surfaces, curvatures
play a fundamental role in surface segmentation. A
simple combination of the principal curvature signs
can classify surfaces into six shape types: flat, peak,
pit, ridge, valley and saddle as illustrated in Tab. 1.

A more sophisticated combination of principal
curvatures, which makes an implicit comparison of
both principal curvatures in the mean curvature H,

Table 1: Surface shapes from the C'; and C5 curva-
ture signs.

<y <2 B 0 +

— peak | ridge | saddle
0 ridge flat valley
+ saddle | valley pit

Table 2: Surface shapes from the K and H curvature
Signs.

K i — 0 +

— saddle | minimal | saddle
ridge valley

0 ridge flat valley

+ peak (none) pit

leads to the KH sign image:
K = ;-0 (1)

H o= 5(C+C) )

It classifies surface shapes into eight types: flat,
peak, pit, ridge, valley, saddle ridge, saddle valley
and minimal as illustrated in Tab. 2, where the ninth
combination H = 0, K > 0 1is excluded as an impos-
sible case since H = 0 implies C; = —C%, leading to
K < 0. Unfortunately, this theoretically impossible
case may occur in practical processing as the “phan-
tom shape” if improper zero-thresholdings of K and
H are applied. An investigation on this problem[5]
resulted in the consistent zero-thresholding inequal-
ity of K and H.

Certainly, the “phantom” shape type can be re-
placed with a new shape type sphere by appealing to
a non-linear transformation from K-H plane to the
K-J plane as shown in Fig. 1 and Fig. 2 in the next
section, or by using a series of complex mappings
from Cy-C5 plane to K-J plane as discussed in [4].

Although the adoption of the sphere type has lit-
tle substantial effect in segmentation results in the
presence of data noise and discretisation errors, the



removal of the “phantom” type could be significant
for zero-thresholdings of curvatures. It raises a ques-
tion: whether the KJ sign image makes the consis-
tent zero-thresholding redundant?

This paper gives a negative answer by comparing
the KH and KJ sign images in the context of the
zero-thresholding at both single and multiple scales.

2 KH sign image vs. KJ sign image

It will be more intuitive if we represent the KH
sign classification in the K-H plane® as in Fig. 1:
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Figure 1: Surface shapes represented in the K-H
plane.
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Figure 2: Surface shapes represented in the K-J
plane.

From the definitions of K and H, it is easy to see
that they subject to H? > K. Therefore, a shaded
region which denotes the forbidden area H? < K
must appear on the K-H plane, This open region
has the parabolic curve H? — K = 0 as its boundary
which corresponds to the shape type sphere. This

LObviously, such a representation will also involve in the
magnitudes of curvatures rather than their signs alone as il-
lustrated by the shaded region in Fig. 1.

region also covers the positive K axis which corre-
sponds to the “phantom shape” (H =0, K > 0).
By defining a functional
d(a) = H? — aK a0, 1] (3)
the shaded region and its boundary can be described
as a family of parabolic curves in the form:

P(a) =0 a €0, 1], Kel0, ) (4)
where ®(1) = 0 is the parabolic boundary curve
H? = K, and ®(0) = 0 is the positive K axis
H =0, K >0, i.e., a degenerated parabolic curve.

As for those parabolic curves ®(a) = 0, €
(0, 1], note that ®(«) is continuous, and monotonic
with respect to a for any K > 0. Thus, if under
a transformation from (K, H) to (K, J), the bound-
ary curve ®(1) = 0 and the positive K axis ®(0) = 0
(K > 0) in the K-H plane are mapped to the same
positive axis in the K-J plane: J =0, K > 0, so will
be the whole shaded region ®(«) = 0, o € [0, 1).
Therefore, the whole forbidden region will be trans-
formed to null in the new plane and the “phantom
shape” type will be replaced with the sphere shape
type as illustrated in Fig. 2.

This task can be achieved by a simple (K, H) to
(K, J) transformation: J? =4 ®(0) - ®(1), that is

JP=4 H? (H? - K) (5)
or B
J=20H (6)
where }
H=+\H?-K (7)

It is just the same as the transformation obtained by
Besl in [4], using a series of complex valued mappings
from the C;-Cs plane to the K-J plane, where H is
presented as AH:

AH:FJ:%(Q—CZ)ZO (8)

3 Zero-thresholding at single scale

For the KH sign image, a perturbation analysis
in [5] has made explicit the relationship between the
zero thresholds of H and K (see Appendix), giving
the consistent KH zero-thresholding inequality be-
low:

ex > 2|Hleg + €3 (9)

By this formula, a zero-threshold value ¢x can be
yielded from the zero-threshold value ¢g in order to
prevent the “phantom shape” (K > 0, H = 0) from
occurring.



Note that the major advantage of the KJ sign
image is the removal of the “phantom shape” from
the surface shape category. The consistency required
between different zero-thresholds is therefore relaxed
along with this removal. As J and K have the same
dimension, it is hopeful that a single zero-threshold

could be shared by both J and K, such as,
€] = € (10)

However, this is only a conjecture since the fact that
K and J have the same dimension does not itself in-
dicate more. Whether the conjecture is true should
be justified by further analysis.

As shown in [1], an algebraic error analysis of cur-
vature computation based on local surface approx-
imations usually produces some unrealistic results
since too many terms are involved in the estimation,
thus forcing the upper error bound to be overesti-
mated seriously, giving little help for determining
the zero-thresholds for curvatures. So it is preferred
to start an analysis straightly from the principal cur-
vatures themselves instead of those variables that are
used to calculate the principal curvatures through
approximation.

Suppose that small perturbations & in principal
curvature C and &5 in Cs have the common bound
d:

0 <&l [&2] <9 (11)

If starting the analysis directly from Besl’s defini-
tions of J as in Eq. (6) and H as in Eq. (8), we shall
get the following error estimation:

(C1+&)+ (Ca+ &)

|Eg| = | 7 — H|
1
= §|51+€2|
< 4 (12)
|Eg| _ |(01+€1);(02+€2)_g|
1
< §|51—€2|
1
< §(|€1|+|€2|)
< 4 (13)
and
|Es| = |2(H+Ewx)(H+Eg)—J|
= 2/HE;+HEg + EgEg|
< 2(|H|S+ |H|S +?)
< 202(1C1| + |Cs)8 + 67) (14)

It should be noticed that the error bound given
by Eq. (14) might still be overestimated since many

intermediate terms, such as H, fNI, Eg and Eg, other
than the primary terms C7; and C5 are involved in
the expressions (cf.[2]). In fact, by setting e = 6,
Eq. (14) leads to the following constraint between
the thresholds of J and K:

EJZQEk (15)
because
cr > 202(|Ci]+|Ce])d + 6%
> 2(2|H|6 4 6%)
= 202|H|eg + €%) (16)

Changing the definition of J in Eq. (6) to its
equivalent one based only on primary terms C7 and
Cz:

- C3
2

and taking a similar analysis, we will get:

|20151 — 2056, + & — &3 |
2
2(1C1| + |C2])d + 82
2(1C1| + |Cal)em + €3y (18)

J = (17)

| £

IA

This estimate provides a better error bound than in
Eq. (14), resulting in a zero-thresholding formula in
terms of H and ¢g:

€7 > 2|Hleg + €5 (19)

which puts the zero-threshold of J at the same po-
sition as the zero-threshold of K as given in Eq. (9),
thus justifying the conjecture €5 = ex. In turn,
it shows the consistent zero-thresholding formula of
the KH sign images remaintains effective even for
the KJ sign images?.

4 Zero-thresholding at
scales

multiple

While an empirical imposition of a zero-threshold
to both J and K 1is feasible in a single scale process-
ing, it is improper to use a unique value as the zero
curvature threshold for all scales; it is also imprac-
tical to set up a sequence of zero thresholds for cur-
vatures at individual scales, where the scale effects
change from scale to scale; including a decreasing
noisy pollution but an increasing surface distortion
when the smoothing scale varies from fine to large.

A zero-thresholding formula working at multiple
scales should be able to change the threshold value

2The above analysis also shows that to keep Eq. (10) valid
J should be calculated directly from principal curvatures C;
and C> as in Eq. (17) instead of from intermediate terms H
and H.



adaptively. The formula e; = ex does not have such
a mechanism, as 1t takes no account of the scale
effects. But the formula ex > 2|H|eg + €% can do
this job as it can introduce scale effects through the
term of H in the inequality. Once a multiple scale
processing has been started at a fine scale, the zero-
threshold of K will be determined with respect to
the whole surface S by:

ey = max [eg, mSm |H|] (20)

where the €; is a small positive number, say 0.00005,
dependent on the given data and the task. Then
according to the following formula as proposed in

[5]:

cx =2 Avegage |H|eqr + €% (21)

the zero-thresholding goes on for larger scales with-
out any supervision, where H changes continuously
when the scale increases.

5 Conclusion

The comparison of the zero-thresholdings for the
KH and KJ sign images shows that the consistent
zero-thresholding is still required in the multiple
scale surface segmentation. While the KJ sign image
is a good choice for single scale surface segmenta-
tion, with a zero-thresholding formula e; = €x, the
KH sign image is a better choice for multiple scale
surface segmentation, its zero-thresholding formula
€x > 2|H|em + €3, maintains effectiveness for either
This is the reason why the K H sign image
is still widely used in the multiple scale processing,
even though K.J sign image is elegant enough to
avold the “phantom shape” at individual scales.

case.

Appendix
Consistent zero-thresholding inequal-
ity

Suppose that small perturbations & in the prin-
cipal curvature Cy and &3 in C5 have the common

bound d:
0 <&l 162 <6 (22)

These perturbations introduce errors Fg in H and
Ex in K. Both errors can be estimated by

(Ci4+ &)+ (Cy + &)

Ful = | -

_H|

= %|€1 + &

< 9 (23)
|Ek| [(Ci 4+ &) (Cy+ &) — K
= |Ciés + Caé1) + £163]
< (|G + |Cal)d + 67 (24)

Since |Cy|+|Ca| > 2|H], setting eg = J as the zero-
threshold of H leads to the zero-threshold of K:

(IC1] +1C5)d + 62
2|H|eqr + ¢34 (25)
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